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ABSTRACT 

The  analytic  character  of  the  transcendental  function  whose  zeros 
determine  the  periodic  solutions  of  Hill's  equation  is  investigated. 
This  is  done  by  a  study  of  the  elements  of  the  factors  of  the  infinite 
determinant  which  occurs  in  this  transcendental  function. 
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1,     Introduction  and  Summary 

Hill's  equation  plays  a  role  in  many  problems  of  electromagnetic  theory. 
Its  simplest  form,  Mathieu's  equation  arises  in  the  problem  of  the  diffraction 
by  an  elliptic  cylinder.     Generally  speaking.  Hill's  equation  is  the  differ- 
ential equation  for  a  one -dimensional  linear  oscillator  with  a  periodic  potential. 
In  most  applications,  the  question  of  the  existence  of  a  periodic  solution 
arises.     The  main  purpose  of  this  investigation  is  to  examine  the  analytic 
character  of  the  transcendental  function     whose  zeros  determine  the  periodic 
solutions. 

In  a  previous  report     a  nianber  of  results  were  proved  which  apply  only 
to  Mathieu's  equation.     These  results  are  now  derived  for  a  rather  general 
type  of  Hill's  equation.     Some  of  the  proofs  have  been  simplified;  in  parti- 
cular, the  number  of  manipulations  involving  infinite  determinants  have  been 
reduced  to  a  minimum. 

In  order  to  avoid  an  excessive  number  of  references,   some  material  from 
the  earlier  report,  especially  the  introduction,  is  repeated  here  almost 
verbatim.    With  this  material  the  present  report  is  self-contained. 


Magnus,  W,,  Infinite   Determinants  in  the  Theory  of  Mathieu's  and  Hill's 
Equations,  New  York  University,  Institute  of  Mathematical  Sciences,   Division 
of  Electromagnetic  Research, Report  No.  BR-1. 
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We  consider  the  differential  equation  of  Hill's  type: 

(1.1)  y*  +  U(co^  +  q(x))y  -  0, 

where  q(x)  is  an  even  function  of  period  n  which  can  be  expanded  in  a  Fourier 
series 

00 

(lo2)  q(x)  "  2  T~   t  cos  2n  X   • 

^— T   n 
n"l 

We  shall  assume  that  the  constants  t  satisfy 

(1.3)  r  it^i  <  00 . 

n"l 

The  most  widely  investigated  problem  connected  with  (l.l)  is  the  question 
of  the  existence  of  solutions  with  period  n  or  2n.  Let  y,  (x]^  7r,{x)   denote  the  solu- 
tions of  (1,1)  which  satisfy  the  initial  conditions 

(l.U)      7-^(0)   =   1,  y^(0)  =  0  }  j^{0)   =  0,  y^d)  -  1. 

Then  the  following  elementary  statements  hold  (see  for  instance  Schaefke^ -" ): 
Equation  (l.l)  has 

(a)  an  even  solution  of  period  n   if  and  only  if  y^(  n/2)   -  0 

(a  )  an  odd  solution  of  period  n  if  and  only  if  y2( h/2)  ■  0 

(p)  an  even  solution  of  period  2ii  if  and  only  if  y-(n/2)  =  0 

(P  )  an  odd  solution  of  period  27i  if  and  only  if  y2(n/2)  =  0 

The  conditions  (a),  (o  )  and  (b),  (p  )  can  be  reduced  to  two  single  ones  because 


(1.5)  y^(n)  -  1  -  2y^(n/2)  y2(ii/2)  , 

(1.6)  y^(n)  +  1  -  2yT^(n/2)  y2(n/2)  . 
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In  order  to  find  directly  a  solution  of  (l.l)  which  has  a  period  n, 
we  put 

00 

(1.7)         y  "  H   °n  ®^^2nxi)   , 

n^-oo 

where 

for  a  real  function  y(x)«  (As  usual,  a  bar  denotes  the  conjugate  complex  quantity). 
By  substituting  (1.7)  into  (1.2)  we  obtain  an  infinite  system  of  homogeneous  linear 

equations  for  the  c  •  The  determinant  of  this  system  can  be  written  in  the  fonn 

2 

(1.9)  sin  reo  D^(co) 

o 

where  D  (co)  is  an  infinite  determinsnt  of  the  type 

(1.10)  D^(co)  -  \d^^J    ,     n,m  -  0,  +  1,  +  2,  ...  . 

Here 

(1.11)  d  „  -  5^  ^  +Ct^("^-n^)\ 

n,m    n^m   \  n-m       y 

(1.12)  t    -t    -t|   I,  t-Oo 
^  •  '        n-m   m-n    |n-m|'   o 

As  usual,  6    =  1  if  n  ■  m  and  6    =  0  if  n  /  m, 
'  n#m  n,m 

The  vanishing  of  the  expression  (1.9)  is  a  necessary  and  sufficient  con- 
dition for  (l.l)  to  have  a  solution  with  period  n.  According  to  Whittaker  and 
Watson  L^J 

(1.13)  72^11)   -  1  •=  -  2  D^(co)  sin^  nca  , 

This  shows  that  the  vanishing  of  (1.5)  is  an  immediate  corisequence  of  the  vanish- 
ing of  the  terai  (1.9)  and  vice  versa.  Also,  it  provides  two  alternative  ways  of 
approximating  the  eigenvalues  co  for  which  y, (n)  ■  1.  If  we  compute  y, (n)  approx- 
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imately  by  applying  the  Picard  iteration  to  (1.1),  we  arrive  at  trigonometric 
polynomials  or  series.  If  we  use  the  principal  nd.nors  of  D  ,  we  obtain  alge- 
braic equations  for  the  approximate  values  of  co  irtiich  will  be  particularly 
suitable  for  large  a>. 

To  obtain  even  or  odd  solutions  of  (1.1)  which  are  of  period  n  we  may  put 

00 

(l.lii)  y  -(c  /v^)+  Yl    c  cos  2nx 

n-1 

or 

00 

(1.1^)  y  ■  ZI  °n  ^^  ^"^ 

n«»l 

respectively.  By  substituting  (l.lU)  or  (l.l5)  into  (1.1)  we  obtain  an  in- 
finite system  of  homogeneous  linear  equations  for  the  c  .  After  an  appropriate 
-s^rmalization  of  these  equations,  we  can  write  the  determinants  of  the  result- 
ing systems  in  the  form  u  sin(nco)C  and  oT   sin(nco)S  ,  where  the  infinite  deter- 
minants C  and  S  can  be  defined  as  follows:  Let 

(1.16)        6  -  2  for  m  -  ±  1,  ±  2,  ±  3,  •••;  ««  -  1 
m  o 


/' 


sgn  m  »  1  for  m  =  1,  2,  3,  '"J   sgn  0-  0 


^^•^"^^      1  sgn  m  -  -1  for  m  -  -1,  -2,  -3,  •••. 


Let  the  t  be  defined  by  (1.2)  and  (1.12).  Then 


[1.18)   C^-  |(e^eJ-^/2(l  *  sgn  n  sgn  in)[6„,^*(V^  *  t^^^){J^.n^)'^\in,n'  0,1,2,. 


(1.19)   S^- 


6„  „  +  (t  „  -  t )("^  -  n^)""^  (n,ra  -  1,2,3,«»'), 


n,m    n-m    n+m 


where  n  denotes  the  rows  and  m  denotes  the  columns  of  the  infinite  determinants 
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C^  and  S^« 


We  shall  prove  the  following  extension  of  Equation  (1,13) t 
Theorem  I«  The  infinite  determinants  C  and  S  can  be  ex- 
pressed in  terms  of  y-(n/2)  and  72(11/2)  as 

(1.20)  2co  sin(Tuo)C^  -  -y^(ii/2), 

(1.21)  w"-'-Ein(na>)S^  -  2y^{ii/2)» 

They  are  related  to  the  infinite  determinant  D  by 

(1.22)  D^  -  C^S^. 

A  similar  factorization  theorem  can  be  proved  for  the  infinite  deter- 
minant arising  in  the  problem  of  determining  whether  (1.1)  has  a  solution 
of  period  2n. 

Equations  (1.19)  and  (1.21)  show  that  S^  and  72(11/2)  depend  in  a  special 
way  on  co.  We  shall  write  S^(ai)  for  S^  and  y2(n/2,oj)  for  jAtK/2)   if  we  wish 
to  emphasize  the  dependency  on  co.  S  (00)  has  poles  of  the  first  order  (at 
most)  atco"il,  +2,  •••♦  Since  the  individual  terras  in  the  determinant 
S  (co)  tend  to  6    as  |a)|  ->  00,  we  may  expect  that  S  (co)  ->  1  as  |co|  ->  00, 

Therefore  we  may  expect  that  (1.21)  will  lead  to  a  formula  of  the  type 

00 
(1.23)  72(1/2,03)  -  XI  g^Csin  n  co)/(oj-n)j 

n"0 

where  g^  are  constant  coefficients.  Now  the  form  of  the  infinite  series  on  the 

right-hand  side  of  (1.23)  suggests  that  it  can  also  be  written  as 

./2 


(1.2U)  /     G(»)exp(2  i  CO  ©)de, 

./-n/2 

irtiich  would  imply  the  existence  of  a  formula  of  the  type 

00 

(1.25)  /*      y2(n/2,co)exp(-2icfle)d£o  -  0        for     |«|  >    ^ 


-00 
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Actually,  a  result  more  general  than  (1.25)  is  true.  We  shall  prove  the 
following  formula  for  the  Fourier  transformation  with  respect  to  cat 

Theorem  II •  Let  the  t  in  (1.12)  be  real  constants  satisfying 

■  n 

00  2 
XIn  |t^|  <  00, 

and  let  y(x,co)  be  the  solution  of  (1.1)  for  a  real  value  of  co 
which  satisfies  the  initial  conditions 

(1.26)  y(0,to)  -  a,   y'(0,co)  =  b. 

Then  there  exists  a  fvinction  G(x,e)   of  the  real  variables  x  and 
Q  which  is  defined  in  the  region  -|x|  ^  ©  §   |x|   such  that 

(1.27)  y(x,co)  -a  cos  2oBC  +     /    G(x,e)  e^^'^dO, 

^x 

2  2 

(1.28)  3G  -  1^  +  U  q(x)G  -  0, 

dx      ae 

h  CO      t 

(1.29)  G(x,x)  -  G(x,-x)  -  I  -  a  ^    "^  sin  2nx, 

n«l 


00  ,  ^ 


(1.30)         Gq(x,x)   -  -Gq(x,-x)-  2  Yl  V^°  nx  <a  sin  nx  +  - 

n=l 


cos  nx 


00        t  t 

+  a  T"      ~^^  sin  2nx  sin  2mx. 
^^—  ^     n  m 
n,ra»=l 


Here  G^  stands  for  30/30. 


2.     Proof  of  Theorem  I 


Since  Theorem  I  involver  the  detenninants  of  infinite  matrices,  it  is 
important  to  know  something  about  their  finite   "  sections"  .    We  shall  define 
these  sections  as  follows;     Let  N  be  a  non-negative  integer,  and  let  (M)  be 
an  infinite  matrix.     If  the  rows  and  colvanns  of  (M)  are  labeled  by  subscripts 
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running  from  unity  to  infinity,  we  denote  by  (M^)  the  square  matrix  of  order 

N  which  results  if  we  let  the  subscripts  in  (M)  run  from  unity  to  N  only. 
If  the  rows  and  columns  in  (M)  are  labeled  by  the  subscripts  0,  1,  2,  •••, 
we  define  (M^,)  by  the  rows  and  columns  of  (M)  for  which  the  subscripts  run 
from  zero  to  N,  Finally,  if  the  subscripts  in  (M)  nm  from  -co  to  +oo,  then 
in  (M.J  we  let  them  run  from  -N  to  +N  only.  In  each  case,  (Mj.)  is  called  th« 
M-th  section  of  (M).  The  determinant  of  (M)  is  defined  as  the  limit  of  the 
determinants  of  (M-.)  as  N  ->  oo. 

We  shall  denote  by  (D),  (C),  (S)  the  matrices  whose  elements  are  given 
respectively  by  the  elements  of  the  infinite  determinants  H    C^,   and  S^.  In 
addition,  we  shall  introduce  the  matrix  (T)  with  the  general  element 
"^      (n,m  -  0,  ±  1,  ±  2,  •••),where 

(2.1)  "C  n.  -  (^n  n,  +  sgn  n  5  ^  J^O^^^' 

n,ra    n,m        -n,m   n 

As  usual  the  first  subscript  n  in  X    denotes  the  rows  of  (T)  and  the  second 

n,ra 

subscript  denotes  the  columns.  The  matrix  (T)  has  a  formal  inverse  (t"  )j whose 
general  element  is  given  by 

(2.2)  (6    +  sgn  m  5    )(e  )~^^^, 
^   '  ^  n,m    ^     -n,m   m' 

In  fact  it  follows  from  an  easy  computation  that  the  general  element  of  (T)(t"  ) 

is 

^^'^^  \   \,m(^  +  sgn  n  sgn  m)  4  S_^,m^^^  "  *   "^"  "H  ^Vm^"^'^^"  ^n,m- 

It  is  important  to  observe  that  the  N-th  section  {T~  )   of  (T~  )  is  the  inverse 
of  the  N-th  section  (Tj.)  of  T, 

Now  we  shall  compute,  in  a  purely  formal  way,  the  elements  of  the  matrix 

(2.M  (D*)  -  (T)(D)(T"^). 
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By  a  simple  conputation  we  find  from  (1,11),  (1,12),  (2,1)  and  (2,2)  that  the 
general  element  d    of  (D  )  is  given  by 

1/2  * 
(2,5)    («  c  )  '  d    -  6   (1  +  sgn  n  sgn  m)  +  6   „(sgn  n  +  sgn  m) 
n  m    n,m    n,m  n,-m 

t  t 

nnn     /,  \         n+m     /  \ 

+  -5-— J  (1  +  sgn  n  sgn  m)  +     '^     '^  \^^  "  *  sgn  m), 
01  -n  CO  -n 

Equation  (2,5)   shows  that  d         «  0  if  n  and  m  are  both  different  from  zero 

n,m 

and  of  different  sign.  It  also  shows  that  for  n,m  =0,  1,  2,  3,  •••  the 

elements  of  (D  )  are  exactly  those  of  (C),  In  fact,  for  n  >  0,  ra  ^  0,  we 

always  have  5    (sgn  n  +  sgn  m)  -  0,  and  sgn  n  +  sgn  ra  "  1  +  sgn  n.  sgn  m, 
n,  "HB 

vinless  n  =  m  =  0,  But  in  this  case,  t    »  t    "0,  and  again  d    is 

*  n-m    n+m    *      ^    n,ro 

equal  to  the  corresponding  element  of  C  in  (1,18),  Similarly,  we  find 
that  for  n,m  »  -1,  -2,  -3,  •*•,  the  elements  of  (D  )  are  exactly  those  of 
(S)  if  we  "invert"  the  labeling  of  the  elements  of  (S)  by  substituting 
for  every  subscript  its  opposite  (cen^ative)  value. 

Therefore  (1,22)  would  be  proven  if  we  could  deal  with  infinite  deter- 
minants in  the  same  way  as  with  finite  ones.  In  the  peurticular  problem  under 
consideration  this  is  actually  the  case.  If  we  form  the  matrix  (T„)(Eu)(t"  ) 
we  obtain  (El)  for  all  N  and  we  find  that  its  determinant  actually  equals 
product  of  the  determinants  of  (S„)  and  (C„)  because  its  elements  are  those 
of  (S„)  and  {CJ}   respectively.  Equation  (1.22),  namely  D  ■  C^S^,  follows 
if  we  simply  let  N  tend  towards  infinity « 

Next  we  must  prove  equations  (1,20)  and  (1.21),  It  suffices  to  do  this 
for  arbitrary  but  fixed  real  values  of  t,,  tp,  t^,»»*.  Indeed,  it  is  not 
difficult  to  show  that  both  sides  in  (1,20)  and  (1.21)  depend  analytically 
on  any  particular  parameter  t  (v  ■  1,2,»**),  Then  the  only  variable  which 
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matters  is  o).  As  mentioned  above,  we  shall  write  j^{n/2,(a)   and  y^(n/2,co) 
for  J  An/2)   and  y^(n/2)  whenever  we  wish  to  exhibit  the  dependency  on  co 
of  these  quantities;  similarly,  we  shall  write  C  (co)  and  S  (co)  for  C  and 

S  ,  It  is  easily  seen  that  both  sides  in  (1.20)  and  (1.21)  are  entire 

2 
functions  of  o)  and  also  entire  functions  of  X  ■  co  • 

Now  we  can  prove  (1,20)  and  (1,21)  by  proving  the  following  lemmass 

Lemma  1»     The  cjuotients 

2co  sin  mo  C  (co)  co"     sin  nco  S  (co) 

(2.6)  i ^—  ,  i 

y^(Ti/2,a))  2y2(n/2,co) 

2 

are  entire  functions  of  co    -  X, 

Proof:     It  has  been  mentioned  in  the  introduction  that  the  nimierator  and 

2 

denominator  of  (2,6)  vanish  for  the  same  values  of  X  »  co  ,  It  remains  merely 

to  be  shown  that  the  denominators  have  simple  zeros  only.  We  observe  first 
that  these  zeros  are  real,  because  any  solution  or  derivative  of  a  solution 
of  (lei)  that  vanishes  at  x  -  0  and  x  •  n/2  is  a  solution  of  a  Sturra-Liouville 

problem.  Since 

1-1  /•"''!      12 

y2(x)y  dx 


(2,7)  1^  y2(n/2)  -  k  <   y2(Ti/2) 


/"{ 


(2-3)  ^  y^(n/2)  -  -U  |yi(T./2)  [^ /      , 


yi(x) 


dx. 


the  right-haM  sides  of  (2,7)   and  (2.8)   are  different  frcwn  zero  and  therefore 
the  denominator  in  (2,6)  has  sjjmple  zeros.     This  completes  the  proof  of  Lemma  1, 

Lemma  2,     The  cjuotients   (2,6)  are  entire  functions  without  zeros. 

Proof:     From  (1.5),   (1.13),   (1.22)  we  see  that  the  product  of  the  quotients 
(2,6)  ecjuals  -1, 


(2.9) 

(2.10) 

we  have 

(2.11) 

-  K)  - 

2 

Lemma  3.  The  quotients  (2,6)  are  independent  of  \  -  co  . 

Proof!  This  lemma  follows  from  the  fact  that  for  both  the  niimerators 
and  the  denominators  of  the  quotients  (2,6)  the  order  of  growth  with  respect 
to  \  does  not  exceed  1/2,  For  72(11/2,0))  we  can  show  this  by  solving  (1.1) 
with  ths  help  of  Picard's  iteration  method.  Putting 

u  (xjco)  »  (sin  2aBc)  /  (2co), 
u  (x,o))  -  -  I  /^  sin  2a)(x-C)q(4)u  _-,(4,w)ci4,  (n  -  1,2,...), 

00 

y2(x,co)  -  Y2    ^n(x,a)). 
n-0 

In  order  to  estimate  ly^l  for  large  values  of  |oo|,  let  Q  be  a  positive  constant 
such  that 

(2.12)  lq(4)|<Q 

for  all  real  values  of  4»     Let    |co|  ^  2,     Then  obviously   ju^l  <  exp(2|co|x)  for 
real  positive  x.     From  this  it  follows  by  induction  and  liy  using  (2,10)  that 
for  real  positive  values  of  x 

(2.13)  |u^(x,.^)  I  g  xVe^  •'^l^(ni)-^(co/2)-^-l. 
Therefore  we  have  from  (2,11)   for    |co|  ^  2; 

(2.1U)  lyg^"/^*^)!  ^  exp(ji|co|  +  Q  n/2), 

A  similar  estimate  can  be  derived  for  y^(n/2,co).  Since  the  right-hand  side  of 
(2,1U)  is  of  order  of  growth  unity  with  respect  to  co,  its  order  of  growth  with 
respect  to  X  is  1/2, 

The  corresponding  statement  for  the  numerators  in  (2.6)  can  be  derived  from 
Hadamard's  inequality  for  determinants.  If  we  write 


-  n  - 


(2.15) 


(n/2)-rr  (1-^), 


n=l 


n 


for  (sin  na))/(2oo),  and  if  we  multiply  each  row  of  S^  by  tha  corresponding 

factor  of  (2.15),  the  nvunerator  involving  S  in  (2,6)  becomes  a  determinant 

for  which  the  sum  of  the  squares  of  the  absolute  values  of  the  n^-th  row  is  at 

most  '^  ,  where 
n 

(2.16)  <r„  -  ji  *  ( W\'*\t,jh-'^^  E^( lt„.„Kl vJjV". 


We  have  from  Hadamard's  inequality 
(2.17) 


|(2a))-^(si£na)S^(co)  |  s  2k-^  IJ  J  (f\  ^^^ 


Now  we  wish  to  estimate  I  (T  I*  From  (1.2)  we  find  that  there  exists  a  con- 

'     n 

fftant  M  such  that  for  all  n  »  1,2,3,*** 

00 


Ko    I  ^  2M,       r     (|t        |+|t        1)^  <  M^o 
'   2n '   =       '       ^— T      '  n-m '    '  n+m '       = 
m=l 


>«•■* 


\(^J%1   1*   (h|2  +  M)n-2 


(2.18) 

Therefore 
(2.19) 

and 

(2.20)  if  l^^Ji       %  ^sinh  n(|oo^|   +  M)^/^ 


I      -1/2,  I    ,2  ,„^-l/2 


Together  with  (2.17),  this  shows  that  the  left-hand  side  of  (2.17)  is  of  order 

2 
of  growth  <  1/2  with  respect  to  \  =  co  ,     An  analogous  proof  can  be  given  for 

|2ai  sin  nco  C  (co)  |  • 

Now  we  can  prove  Lemma  3  by  using  a  known  theorem  about  factorization  of 
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functions  of  an  order  of  growth  <  1  (See  Nevanlinna'-  "•,  pp.  20 $-213  or 
Titchmarsh  L-'-' ) ,     According  to  this  theorem  we  have  for  both  the  numerators 
and  the  denominators  of  the  quotients  (2.6  )  a  representation  of  the  form 

A  /^  TT  (1  -  f ), 

n=l    \ 

where  the  a  are  the  simple  roots  comrion  to  the  niimerator  and  denominator 
n 

2 
if  both  are  considered  as  functions  of  \  -  co  «  Therefore,  the  quotients 

in  (2.6)  are  independent  of  co,  as  stated  in  Lemma  3» 

Now  we  can  prove  (1.20)  and  (1.21)  by  computing  the  value  of  the  quotients 

in  (2,6)  for  q  ->  ioo.     It  is  easily  seen  that  for  to  ->  ioo  both  S^  and  C^  tend 

towards  unity.  From  (2.9),  (2.10)  and  (2.11)  we  can  show  that  y2(n/2,co)/u^(a)) 

tends  also  towards  unity  as  co  ->  ioo,  regardless  of  the  particular  nature  of 

q(x).  The  behavior  of  y  (ti/2 ,(»)/( 2co  sin  luo)  can  be  described  in  a  similar 

manner,  sind  this  completes  the  proof  of  Theorem  I. 

3.  Proof  of  Theorem  II 

In  this  section,  we  shall  use  a  theorem  given  by  Paley  and  Wiener,  (  jY] , 
Theorem  X,  p. 13).  According  to  this  theorem,  the  following  two  classes  of 
functions  are  identical: 

(I)  The  class  of  all  entire  functions  F(co)  satisfying 

(3.1)  |F(o))|  -  cr(e2^'"')      (|<ol  ^00) 

for  a  positive  real  value  of  A;  and 

(II)  The  class  of  all  entire  functions  of  the  form 


,A 
-A 
where  f(©)  belongs  to  L«  over  (-A,A). 


(3.2)  F(co)  -  /  f(©)e2i^  dS, 

oIa 
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In  proving  Theorem  II  we  shall  confine  ourselves  to  the  case  where  a  =  0, 
y  -  y^CxjCo),  If  we  construct  y^  in  the  manner  described  by  (2.9),  (2.10),  (2,11), 
we  find  from  (2.13)  that  for  x  >  0  and  Icol  ->oo: 


(3.3) 


y2(x,co)  -  Vu^(x,co)+  •••  +  u^(x,co) 


-  0(i«r"-vi"i^) 


and 

(3.U)  iu„(x,co)i-  0(hr"-vi"'^). 

Now  it  follows  from  an  application  of  Paley  and  Wiener's  theorem  that 

Zx 
e^^'^G(x,e)d&, 

where 

00 

(3.6)  G(x,&)  -  ^    gn(x,»), 

n"0 

(3.7)  gj^(x,©)  -  «"•■•    /      e"^^"^u  (x,co)da). 

It  follows  from  (3.U)  that  for  n  >  0,  e  (x,©)  is  (n-1)  times  differentiable 
with  respect  to  ©,  with  a  continuous  (n-1)"   derivative.  Outside  the  interval 
-X  <  6  <  X,  all  of  the  e  (x,©)  vanish  identically.  Therefore  at  ©  ■  ±  x  only 
g  (x,©)  and  g,(x,©)  contribute  to  the  value  of  G(x,9)  and  to  its  first  deriva- 
tive with  respect  to  ©.  These  contributions  can  be  found  by  a  direct  computation. 
In  the  same  way,  it  can  be  verified  that  g  ,  g, ,  gp  are  twice  differentiable 

within  the  region  -x  <  ©  <  x,  having  one-sided  continuous  derivatives  at  6  «  ±x, 

00   2 
provided  that  ^~  n  |t  |  <  oo. 

The  only  part  of  Theorem  II  that  now  remains  to  be  proved  is  E^.  (1.26). 
If  we  substitute  tte  expression  (3.6)  for  G  into  (1.28),  it  will  suffice  to 
prove  that  for  n  =  1,2,3, •••  , 


-  lU  - 


(3.8) 

and  for  n  ■  0 
(3.9) 


^  ^   ^  ^n 


Bx    8& 


:.2      :v2 

9  ^o   ^  ^o 


+  U  q(x)  g^^j  -  0 


-  0. 


3x 


dO' 


Since  g  «  1/2  for  -x  <  6  <  x,  it  is  trivial  to  show  that  (3.9)  holds.  Eq.  (3.8) 


may  be  verified  for  n  -  1  directly  by  observing  that 
3.10) 


00  2t 
g^(x,©)  "  ^  — ^  cos  nx  (cos  nx  -  cos  nO) . 


n-l  n 

For  n  ^  2  we  may  proceed  as  follows.  It  suffices  to  prove,  instead  of  (3.8), 

that 

>*x/8  g    3  g^ 
(3.11)        /  /-^  -  -^  *  q(x)g^_^ 


e    d©  «»  0 


for  all  values  of  co.  Since  the  left-hand  side  of  (3.11)  is  an  analytic  function 
of  (0,  it  suffices  to  show  that  it  vanishes  for  all  real  values  of  m.  We  shall 
prove  this  by  expressing  the  left-hand  side  of  (3.11)  in  terms  of  the  u  (x,co) 


which  satisfy  the  recurrence  relations 

2 


3'u_ 


(3.12) 


ax 


,5^  +  U  CO  u^  +  U  q(x)u^  ,  -  0 
c  n        n-x 


(];3.12)  can  be  derived  easily  from  (2.9)  and  (2.10)].  It  follows  from  (3.5)  and 
(3.7)  that 


(3.13) 


u^(x,(o)  -/  g^(x,0)e^^'*de. 


Therefore  we  have  for  n  ^  2: 


(3.1U) 


a'u. 


dx 


(/-x    ax 


2icd& 


de 


since  any  terra  derived  by  differentiating  the  integral  in  (3.13)  with  respect 
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to  its  limits  vanishes  for  n  >  2.     For  the  same  reason  we  find  from  an  in- 
tegration by  parts  that 


(3.15)  -  /     ~i^  exp(2icoe)  d©  -  U  oi^u  (x,©). 


Equations  (3.l5),  (3.13),  (3.12)  show  that  (3.11)  and  (3.12)  are  equivalent. 
Since  (3.12)  is  true,  the  proof  of  Theorem  II  has  been  completedo 

Keferences 

[i]   Kevanlirma,  R. ,  Eindeutige  analytische  Funktionen;  Berlin,  1936. 

[fj       Paley,  R.E.A.C.,  and  Wiener,  N. ,  Fourier  transforms  in  the  complex 
domain;  American  Mathematical  Society  Publications,  Volume  19,  193^+. 

[2]   Schaefke,  F.W.,  Zur  Perametera'bhaiigigkeit  "beiia  Anfangswertprotlem 
fur  gewohnliche  Differentialgleichungen;  Mathematische  JSachrichten, 

2,  20-39,  19^5. 

[jy   Schaefke,  F.W.,  ijber  die  StalDilitatskante  der  Mathieuschen  Differ- 
entialglelchung;  Mathematische  Nachrichten,  4,  176-I83,  1951. 

[5]   Titchmarsh,  E.C.,   The  theory  of  functions;  Oxford,  1938,  Chapter  VIII. 

[6]   Whittaker,  E.G.,  and  Watson,  G.N.,  A  course  of  modern  analysis, 
CamTjridge,  1927. 


-  16  - 

(CLASSIFICATION) 
Seciirity  Information 

B"*.bliographic al  Control  Sheet 

1.  Originating  agency  and/or  monitoring  agency: 

0,A.:  Institute  of  Mathematical  Sciences,  Division  of  Electromagnetic 

Research,  New  York  University,  New  York  City 
M.A.:  Mathematics  Division,  Office  of  Scientific  Research 

2 .  Originating  agency  and/or  monitoring  agency  report  number; 

O.A,:   Research  Report  No.  BR-6 
M.A.:   0SR-TN-54-U1 

3.  Title  and  classification  of  title; 

Infinite  Determinants  associated  with  Hill'  s  Eqtiation 
(UNCLASSIFIED) 

U.  Personal  author(s);  Wllhelm  Magnus 

5.  Date  of  report;  June,  1954 

6.  Pages;  i  +  i_i6 

7.  Illustrative  material;  none 

8.  Prepared  for  Contract  No.(s)t   AF-l8(600)367 

9»  Prepared  for  Project  Code(s)  and/or  No.(s):   No.  R-35U-10-15 

10.  Security  classification:  UNCLASSIFIED 

11.  Distribution  limitations:  none 

12.  Abstract:  The  analytic  character  of  the  transcendental  function  whose 

zeros  determine  the  periodic  solutions  of  Hill's  equation 
Is  Investigated.  This  is  done  by  a  study  of  the  elements 
of  the  factors  of  the  infinite  determinant  which  occurs  in 
this  transcendental  function. 


Date  Due 


m 

PRINTED 

IN  U.  5.  A. 

■JYU 

ill  - 


c.; 


0.2 


I 


AUTHOR 


4tag»us~ 


Infinite  determinants 


c.d 


N.Y.U.  Courant  Institute  of 
Mathematical  Sciences 

251  Mercer  St. 
New  York  12,  N.  Y. 


Manufactured  in  the  United  States  for  New  York  University  Press 
by  the  University's  Office  of  Publications  and  Printing 


